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Abstract

Over time� numerous e�orts have been made to overcome the limitations of the computation�

ally intensive dynamics calculations� Due to the coupling in the dynamics equations� coarse�

grain parallelism of robot control algorithms is particularly di�cult� We have developed a new

algorithm based on the Newton�Euler dynamics formulation that overcomes the serial nature

of these equations� allowing a high level of parallelism� This new algorithm provides a faster

sampling rate by executing in parallel� then takes advantage of that faster sampling rate by

assuming that the value di�erence between sample iterations for the dynamics variables will

be small� The result is a highly parallel algorithm that is capable of providing quite accurate

results� Our controller uses data from a previous control step in current calculations to allow

many more tasks to be executed in parallel� thus providing higher control update rates� The

use of �old� data is an e�ective solution to the speedup problem� but presents some special

di�culties� A stability issue when using �old� data that is encountered in previous approaches

is discussed here� along with a partial solution to the problem�

� Introduction

As robots are considered for increasingly di�cult and intricate tasks� control requirements
increase in complexity to meet these demands� However� these tasks cannot be realized
without controller architectures that are capable of executing their control algorithms in a
timely manner� Therefore� development of faster controllers is important to robot advance�
ment� In response to more stringent precision and speed goals� kinematics� dynamics� and
control algorithms have been studied extensively in search of ways to facilitate these tasks�
A variety of techniques have been proposed for decreasing the controller computation time
��� ���
In uniprocessor robot control systems� which are most common today� the opportunity

for speed improvement is limited by the total number of mathematical operations required�
With current advances in chip technology and software development� uniprocessor architec�
tures are far more powerful than as recently as the early �		
�s� Thus� for some applications�
a uniprocessor controller may provide su�cient computing power� However� synthesis of ef�
�cient general parallel techniques for robot control architectures can permit state�of�the�art
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serial architectures to be extended to allow other important tasks� such as fault detection�
to be executed in real time� Ideally� the most e�cient uniprocessor algorithms can be par�
allelized and executed on multiple processors� to achieve linear speedup� Practically� there
are communication and synchronization requirements in the parallel algorithms that do not
exist for serial algorithms� However� speed improvements are still quite possible� in addition
to extra features such as fault tolerance�
A variety of multiprocessor architectures to support parallel robot control algorithms have

been studied �
� ��� ��� �
� ��� ���� However� due to data dependencies� the robot dynamics
equations are not easily parallelized� More recent research e�orts in robot kinematics and
dynamics speci�cally consider development of e�cient parallel versions of these algorithms
�
� �� �� 	� �
� ��� ��� �
� ��� �
� ���� Smaller tasks� such as computation of the inertia matrix�
have also been parallelized ���� This work addresses the dynamics of a robotic system�
There are basically two standard methods for analyzing the dynamics of a robot� the

Lagrangian formulation and the Newton�Euler formulation� In the classic Lagrangian �LE�
form� the robot is analyzed in closed form� The dynamic model is expressed as�

� � �M������ �N��� ��� �G��� ���

where � is the n�� vector of joint angles for an n�joint robot� � is the n�� joint torque vector�
�M � is the n � n inertia matrix� N is the n � � Coriolis and centrifugal torque vector� and
G is the n� � gravity torque vector ��	�� The LE formulation de�nes a general relationship
between the variables of each joint and the torques required to move them� and the structure
of the robot model is maintained� inertial� gravitational� and other e�ects are distinct� This
closed form is useful for understanding the overall coupled state of the robot� However� the
LE dynamics algorithm is computationally intensive� giving rise to a low controller sampling
rate and decreased control precision when implemented in its direct form�
The recursive Newton�Euler �NE� equations de�ne an iterative joint variable�torque re�

lationship corresponding to ��� at a particular time ��	�� �The NE equations are shown in
the Appendix�� As indicated by the equations� each link is considered separately in the
Newton�Euler form� However� since the links are connected� the equations for each link
contain coupling terms that are also in the same equations for neighboring links� This in�
terdependence of link pairs restricts the order of execution of the equations� Computations
for link i wait for completion of computations for link �i� �� �or link �i � ���� as shown in
Figure � �Fi and Bi represent the forward and backward recursion computations for link i�
respectively�� Also� calculations within the forward and backward recursions� individually�
must be executed in a certain order due to data dependencies� However� despite these re�
strictions� the NE form is generally considered to be more computationally e�cient than the
classic LE form �����
The classic Lagrangian is appreciated for its closed�form� while the recursive Newton�

Euler form allows faster calculation of the dynamics equations� The strict ordering of the
NE equations is the consequence of the coupled nature of the robot� This state is evident in
the LE dynamics equations in the form of duplicate computations� However� the structure
of these equations does not incorporate the type of data dependencies that limit parallelism
in the NE algorithm� The order of computation of the terms in the component vectors and
matrix of ��� is not restricted� and large blocks of calculations may be executed in parallel�
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In his survey of methods for performing the inverse dynamics computations� Balafoutis
concludes that both formulations can be made computationally e�cient� and that recursive
algorithms are computationally more e�cient than closed�form ones ���� Thus� a study of
methods for parallelizing recursive algorithms is quite useful for the further advancement of
robot control�
A recursive Lagrangian�based dynamics form was developed by Hollerbach ���� that re�

duced the dynamics algorithm from O�n�� for the classic form to O�n�� where n is the
number of joints� However� the algorithm still requires more multiplications and additions
than the NE form of Luh� Walker� and Paul ����� Since the tasks that the robot can per�
form are limited by the sampling rate of the controller� most research on speedup techniques
has only considered the recursive Newton�Euler form� Our work also concentrates on a
Newton�Euler�based control algorithm�
We address the speed�accuracy issue with a new algorithm that uses data from the previous

iteration of the control loop in current computations� allowing the calculations that are
typically executed serially to be executed in parallel� This method� which we call speculative
computation� is based on the assumption that the resulting sampling rate will be high enough
that the di�erence between the current data and data from the previous iteration is small�
Because of this small di�erence� the output of the controller when using �old� data would be
e�ective� Since using data from the previous iteration allows the computations to be done
in parallel �completing more quickly�� the expectation is that the sampling frequency will be
high enough�
This concept of using �old� data for parallelizing the NE dynamics algorithm was �rst

proposed by Binder and Herzog in �	�� �
�� Further work using the method in �
� was
reported in ���� in �		
� However� apart from the interesting results of ����� whose approach
has some similarities with our own� it does not appear that there has been much investigation
of the use of �old� data for the entire dynamics calculations since this early work� The
basic concept was applied to the inertia matrix computations in ��� in the form of relaxed
interprocess precedence in �		��
The new method described in this paper allows greater parallelism than previous methods

by using a greater amount of �speculative� data� We also found that the Binder�Herzog
algorithm becomes unstable under certain conditions� In Section �� we discuss the observed
instability� and describe why our algorithm is signi�cantly more stable�

� Speedup for Dynamics

In early robot development� computation time was the limiting factor� Lookup tables were
introduced to reduce the time required to compute the dynamics� Later� specialized algo�
rithms were developed to reduce the necessary memory size and compute time� In recent
years� processors have reached fantastic speeds� With the ability to compute faster� single�
processor architectures are capable of supporting more demanding robot tasks �via more
complicated control algorithms� than previously possible� The limitations that prompted
the use of lookup tables and specialized algorithms in early robot development no longer
exist �for most tasks��
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Figure �� Flow diagram of conventional NE algorithm for a ��link robot�

While processor technology continues to develop� parallel processing techniques are ad�
vancing as well� Thus� with an e�cient parallel algorithm� the peak performance of a unipro�
cessor architecture can always be surpassed� Design of an e�cient parallel robot dynamics
algorithm would permit improved tracking and precision over the uniprocessor robot con�
troller� One objective of this work was to develop an e�cient parallel control algorithm
that could also provide processor fault tolerance� Incorporation of processor fault tolerance
requires the inclusion of fault detection code in the algorithm� This reduces the speedup
made possible with the parallel algorithm� However� careful task scheduling can provide
both faster control and processor fault tolerance�
Specialized algorithms can provide the best performance because they are tailored to a

particular robot� task� and�or architecture� However� a more general algorithm is less costly
because it can be applied to a number of tasks and architectures with few or no modi�cations�
Furthermore� the existence of additional processors makes processor fault tolerance possible�
Unfortunately� providing processor fault tolerance reduces controller speed� Therefore� the
basic goals for our parallel robot control algorithm are generality and speed performance�

� Speculative Computation Algorithms for Dynamics

The structure of the NE dynamics equations only allows for some �ne�grain parallelism� That
is� within the forward and backward recursions� some portions of the calculations of dynamics
variables may be executed in parallel� However� coarse�grain parallelism can be accomplished
via a method such as the one proposed by Binder and Herzog �
�� Figure � shows the order of
execution of the forward �Fi� and backward �Bi� recursions in one control loop iteration for
a ��link manipulator� Binder and Herzog state that approximation of various terms allows
some of these blocks to be executed in parallel� Their work o�ers three methods for choosing
the approximate values� The �rst method� called �zero�order prediction�� uses the values
computed in the previous control iteration as the approximations� In Figure �� the three
Fi and Bi� respectively� can be executed in parallel because data from the previous control
iteration is input to the dependent blocks� This use of �old� data allows one control loop
iteration to be completed in two time steps� rather than the six required for the conventional
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Figure �� Flow diagram of Binder�Herzog algorithm for a ��link robot�

method�
�First�order prediction� adds correction terms to the �old� data in order to reduce the

errors of �zero�order prediction�� This scheme should provide more accurate results using a
reduced sampling rate controller� The third method combines the prediction method with the
standard serial method to gain some speed over the conventional approach while maintaining
a higher level of accuracy than �zero�� and ��rst�order prediction����� This method performs
the exact calculations for variables selected by the programmer� Binder and Herzog suggest
that one might choose those terms that could introduce the largest errors �
�� The remaining
terms would be calculated using �zero�� or ��rst�order prediction��
The �zero�order prediction� method was simulated for what the authors considered slow

�� sec�� fast �� sec�� and very fast �� sec� robot motion for a Stanford manipulator �
�� These
speeds are the total time allowed to complete the trajectory� So� the acceleration and velocity
of the manipulator vary with the total time� Their simulation results indicate that for slow
and fast movement� the errors produced by �zero�order prediction� are quite small� However�
for very fast motion� the errors become noticeable� This is expected because the variations in
acceleration and velocity per step become larger as the movement is made faster� Therefore�
the di�erence between the old data and the current data is larger� This example veri�es the
importance of minimizing the time required to compute the control variables � increasing
the number of samples per trajectory �to improve accuracy��
Vuskovic et al� ���� have taken an approach that they consider equivalent to Binder and

Herzog�s �zero�order prediction�� Due to the �low inherent parallelism� of recursive formu�
lations� they developed the decoupled recursive Newton�Euler algorithm� In this parallel
algorithm� all synchronization between processors is removed� Vuskovic et al� assert that
removing the synchronization in a parallel NE algorithm results in �reasonably small� er�
rors� They implemented the exact and decoupled NE algorithms� both with general and
customized equations� for the PUMA 
�
� In their experiments� the errors in output torque
due to approximation were measured�
Vuskovic et al� observed that the approximation error in �zero�order prediction� decreases

linearly with the controller sampling period� They also experimented with ��rst�order pre�
diction�� and found that it does not work well� The reasons cited for its poorer performance
are the addition of more �oating�point operations and increased data communication �i�e�






bus contention�� Vuskovic et al� also consider �output prediction�� which is ��rst�order pre�
diction� of the joint torques� rather than prediction of the recursion variables that are used
to calculate the torques ����� Experimental results showed small approximation errors for
this method� As with ��rst�order prediction�� the results are a function of the number of
predictions �calculations� made and bus contention� For �output prediction�� both of these
factors are reduced� However� the results were not consistent for di�erent joints and di�erent
desired inputs�
Yamakita et al� ���� have also done work similar to that of Binder and Herzog� They

proposed a NE algorithm with a cycle time that is independent of the number of links� In this
method� each value calculated in a time�step is bu�ered� to allow the forward and backward
portions to be executed in parallel� As with �zero�order prediction�� computations in a
control iteration will use data from the previous iteration to overcome serial dependencies�
However� since all data is bu�ered in this approach� the backward recursion computations
can be executed in parallel with the forward recursion computations �see Figure ��� As
discussed above� errors vary linearly with the controller sampling period� Yamakita et al�
reported that the bu�ering causes delays in the controller sampling period� The delays result
in some performance degradation � which corroborate the observations of Vuskovic et al�
The simulation results indicate that bu�ering alone results in diverging output� especially

for joints near the end e�ector� Therefore� Yamakita et al� use what they call �one step
ahead prediction� to alleviate the performance loss due to data bu�ering� Their method is to
predict the values for joint angles as a function of desired values and error terms� which are the
di�erences between desired and actual joint positions from the previous control loop iteration�
Their parallel algorithm with �one step ahead prediction� gives more accurate results than
bu�ering alone� with the divergence partially depending on the controller sampling rate �����

� A New Speculative Computation Algorithm

Toward the goal of synthesizing a general robot control algorithm� we use the classic recur�
sive Newton�Euler dynamics equations in their complete form� Code optimizations in the
dynamics algorithm that are speci�c to the system we simulated were avoided� For example�
multiplications by zero and one that are due to our planar example were not removed� A
more customized program might �unroll� loops in the program� remove multiplications by
one� and replace multiplications by zero with zeroes� Our program� therefore� does not yield
the optimal execution time� However� our simulation provides a conservative sampling rate
for comparison to conventional methods�
Controller execution performance was the impetus for developing a robot control algo�

rithm that uses speculative data� The conventional NE algorithm does not o�er signi�cant
opportunities for coarse�grain parallelism without a method such as �zero�order prediction�
or �one step ahead prediction�� Breaking the algorithm into subtasks that can be executed
in parallel by using data from a previous time step avoids the delay of waiting for the cur�
rent data to be computed� Results reported by Binder and Herzog �
�� Vuskovic et al� �����
and Yamakita et al� ���� indicate that these techniques are feasible� Since the �zero�order
prediction� method does not increase calculation overhead� and is simple to compute� we
have chosen to similarly use previously calculated �speculative� values of some data in our
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NE control algorithm� We simulate a computed torque PD controller executing on a shared
memory multiprocessor �����
We chose a shared memory architecture due to the data dependencies inherent in robot

control� This memory architecture eliminates the need to explicitly move data from one
processor to another during the computation of the control equations� Since a robot con�
trol architecture would not likely use hundreds� or even tens� of processors� the contention
and latency problems often associated with large shared memory multiprocessors do not
a�ect performance in our application� Therefore� a shared memory environment appears
particularly appropriate for this application�

Figure �� Flow diagram of our algorithm �and Yamakita et al�� for a ��link robot�

The di�erence between our algorithm and �zero�order prediction� lies in which terms are
replaced by prior values� In �zero�order prediction�� a con�guration of one processor per
link is assumed� where each processor is responsible for the motion of a corresponding link�
When performing calculations for link i� the terms in the equation associated with another
link �i�e� having index �i��� or �i���� are replaced by prior values� Current values are used
for the terms corresponding to link i� This formation allows the processors to execute the
forward recursion equations for each link in parallel� followed by execution of the backward
recursion in parallel �Figure ��� However� the order of operations within each recursion must
remain the same as for the conventional NE algorithm� as depicted in Figure �� In Table ��
the double�boxed variables indicate those variables that are replaced with prior data when
using �zero�order prediction��
Alternatively� all values of recursion variables can be replaced by prior values� These

variables are shown in Table � as the single� and double�boxed variables� This method al�
lows greater parallelism because some of the synchronization between forward and backward
recursions in the conventional and �zero�order prediction� methods is no longer required�
Comparison of Figure � to Figure � shows that completion of the control loop with our
method requires half the number of time steps of the Binder�Herzog method� Additionally�
the forward iteration can be completed faster using our algorithm since each calculation
can be executed in parallel� compared to the serial execution of the Binder�Herzog forward
recursion �Figures �  
�� This is also true for the backward recursion� but with less impact
because there are fewer calculations in the backward recursion� Theoretically� all terms of
the forward and backward recursions for each link could be calculated in parallel �i�e� �i

through �i� all in parallel�� if enough processors were dedicated to the task� In this case� the
length of the control loop is only as long as the longest single term calculation� This may not
be the most e�cient use of processing resources� However� the �exibility is a key advantage
of our method�
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Table �� NE�based algorithms using �old� data�

Figure �� Flow diagram of parallel forward recursion for Binder�Herzog method�

Figure 
� Flow diagram of parallel forward recursion for our method�
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Our method is quite similar to the bu�ering method presented by Yamakita et al� �����
Like our algorithm� their method uses old data for all dynamics variables in the equations to
allow maximum parallelism among the equations� However� due to the NE equations chosen
for their algorithm� some speculative terms are older than others in their computations �i�e�
some data comes from two control loop iterations prior�� This disparity may be the cause
of our di�ering results� their simulations using old data without correction terms sometimes
produced diverging outputs! the output of our algorithm� with no correction terms� converges�
Due to the need for correction terms in the approach of Yamakita et al�� we concentrate on
comparison to the Binder�Herzog method�

� Relative Speedup

Sampling rate is an integral part of accuracy of control� Intuitively� more frequent sampling
of a continuous time signal results in less information loss ���� The Shannon sampling theory
states that the sampling frequency must be greater than twice the maximum frequency
of the signal to avoid divergence ����� Thus� a robot control algorithm that is capable of
achieving a very high sampling frequency can support a wider range of tasks than a controller
with a more limited sampling rate� This section shows� using operation counts� that our
algorithm is capable of providing a faster sampling rate than both the serial algorithm and
the Binder�Herzog algorithm by adding more parallelism to the algorithm� as discussed in
the previous section�
The number of multiplications and additions necessary for calculation of the NE dynamics

terms �from Table �� is used to estimate the relative execution times for the conventional
serial NE dynamics algorithm� the Binder�Herzog parallel algorithm� and versions of the new
parallel algorithm introduced here� The values shown in Table � are for the general case�
Terms that appear in the equations of multiple variables are assumed to be calculated once

number of Multiplications number of Additions
Term i � � � � i � n i � n Total i � � � � i � n i � n Total

�i �� �� �� ��n � 	 � �
 �
 �
n � 	
��i �� �� �� ��n � �� �
 �� �� ��n � ��
�i 	 �� �� ��n � 	 � �� �� ��n � 	
ae�i �� �� �� ��n � 	 �� �� �� ��n � 	
ac�i �� �� �� ��n �� �� �� ��n � �
f
i

�
 �
 � �
n � 	 �� �� � ��n � 	

� i �� �� �� ��n � �� �� �� �� ��n � ��

Table �� Operation count for NE dynamics variables�

and stored in a register for reuse for the serial and Binder�Herzog methods� This assumption
can be made for the Binder�Herzog parallel algorithm because the forward variables per link
are calculated serially� as in the serial algorithm�
With our method� it is possible for the recursion variables to be computed in parallel�

However� this requires the redundant terms to be calculated by multiple processors� The

	



alternative is to have these terms each calculated by one processor and stored in the shared
memory� Sharing terms would require synchronization to avoid illegal accesses and could
cost more time than recomputation for a short calculation� This synchronization is one
of the reasons that parallel speedup could not be linear� However� a primary goal of this
work is to provide a more coarse�grain parallel algorithm than is generally possible with the
conventional NE dynamics equations� We seek to execute large portions of the dynamics
algorithm in parallel� rather than only executing a few individual addition and multiplication
operations in parallel� We show in Table � the number of multiplications and additions
required per variable when each is calculated independently of the others�

number of Multiplications number of Additions
Term i � � � � i � n i � n Total i � � � � i � n i � n Total

�i �� �� �� ��n � 	 � �
 �
 �
n � 	
��i �� 
� 
� 
�n � �	 �
 �	 �	 �	n � �	
�i �
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ae�i �� �� �� ��n � 	 �� �� �� ��n � 	
ac�i �� �� �� ��n � 	 �� �� �� ��n � 	
f
i

�
 �
 � �
n � 	 �� �� � ��n � 	

� i 
� 
� �� 
�n � �� �	 �	 �� �	n � ��

Table �� Modi�ed operation count for NE dynamics variables�

Using the data in the tables discussed above with some example cycle times� we determine
the minimum length of the control loop in cycles for a three�link planar manipulator for the
three algorithms under consideration� For performance analysis� we assume that �oating
point multiplications and additions require � and � cycles� respectively� In the serial case�
summing the totals for each recursion variable with n � � gives a length of ��
� cycles
�Figure ��� Using the Binder�Herzog method� each of n processors �P� � Pn� executes

Figure �� Total cycle time for serial algorithm for a ��link planar manipulator�

the forward and backward recursions for its corresponding link� Figure � shows that the
minimum cycle time for the control loop� i�e� the longest cycle time of all three processors�
is ���
 cycles�
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Figure �� Total cycle time for Binder�Herzog algorithm for a ��link planar manipulator�

The structure of the new algorithm allows each recursion variable to be computed in
parallel� giving rise to a ���processor system for this ��link example �because there are seven
recursion variables�� Thus� the limiting factor is the single recursion variable with the longest
cycle time � ��� requires ��	 cycles�� However� since the shortest cycle time is ��� for f�� at
least one processor would be idle for close to �

 cycles� Therefore� using a separate processor
to calculate each recursion variable would not utilize the �� processors in the most e�cient
manner� However� the high parallel potential of this algorithm allows development of the
most e�cient processor con�guration� An example of a ��processor architecture using our
algorithm is shown in Figure �� For this case� the entire forward and backward portions per

Figure �� Total cycle time for the new algorithm for a ��link planar manipulator�

link are executed on one processor �processor � performs the forward portion for link � and
the backward portion for link �� processor � performs the backward portions for links � and
��� Therefore� the cycle times corresponding to Table �� where redundant computations are
counted only once� were used� For this example� the minimum cycle time for the control
loop is �
� cycles� which is an improvement over the Binder�Herzog method �see Table ���

Speedup� over serial algorithm over Binder�Herzog

Serial ���
� cycles�
Binder�Herzog ����
 cycles� ��
�����
 � ��
�
New method�

�n procs ���	 cycles� ��
����	 � 	�
� ����
� procs ��
� cycles� ��
���
� � ���� ����

Table �� Speedup of parallel dynamics algorithms for ��link planar manipulator�

The method presented here is capable of providing a higher sampling rate than the other
methods being compared by removing the data dependencies that exist in those algorithms�
Simulation results shown in Section � demonstrate this improved performance� In addition to
greater performance potential� this algorithm can improve the recovery rate from processor
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Table 
� Example parallel conventional NE for ��link manipulator�

failures� also due to the elimination of data dependencies� Fault tolerance in speculative
computation methods is discussed in the following section�

� Fault Tolerance Issues

In our previous work� we demonstrated the trade�o� between controller speedup and proces�
sor fault tolerance in a multiprocessor robot control architecture� Logically� a program that
executes failure detection and isolation routines frequently within the control loop will take
longer to complete the loop than a program that executes these routines less often� How�
ever� the former program is more likely to detect a failure closer to the time that it occurred�
meaning that less erroneous data has been produced by the failed processor and propagated
further in the control algorithm� In a recursive NE algorithm where variables have several
terms that are dependent upon previous calculations� a single failure can quickly corrupt
numerous data� Therefore� when a failure is detected� all calculations of the failed processor
and all calculations dependent upon those must be recomputed on the remaining functioning
processors� This is one area where the use of speculative computation o�ers an advantage
for fault tolerance� Since some data dependencies are relaxed due to the use of data from
a prior iteration� recovery from a processor failure does not require as many calculations as
recovery for a conventional method� This idea is expressed by example below�
Table 
 shows a possible parallel implementation of a conventional NE�based algorithm�

The recursion variables are assigned to processors in a manner that distributes the workload
based on the cycle times used above and data dependencies� The separating lines represent
synchronization points� For this example� failure detection code may be implemented at each
sync point or at the end of the loop� If failure detection is not implemented until the end of
the control loop� and P� is found to be faulty� then not only would the variables calculated on
P� have to be recomputed� but also the variables on the other processors that are dependent
upon them � ae��� f �� f�� � �� and � �� Implementing failure detection code at each sync would
alleviate the problem of corrupting computations on other processors� but it would also
adversely a�ect speed performance� However� when using speculative computation� failure
detection code may be executed at the end of the loop without concern for contaminating
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Table �� Binder�Herzog algorithm for ��link manipulator�
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data on working processors because the computations use data from the previous control loop
iteration� Thus� when P� fails� only those variables calculated on P� must be recomputed�
For the Binder�Herzog algorithm� the task �variable calculation� assignment is as shown in

Table �� If failure detection code is implemented at the end of each control loop� then we can
be sure that a detected failure occurred in the current iteration and that data from previous
loop iterations was not a�ected� Therefore� the variables for link � that use speculative data
from link � do not have to be recomputed if P� is found to be faulty� Thus� recovery is faster
than for the conventional case� However� because the data dependencies within the dynamic
equations for a link still exist in this algorithm� recon�guration is restricted� Either the entire
forward and backward recursions must be moved to the same processor �nearly doubling the
minimum cycle time following a processor failure�� or the variables can be rescheduled in
parallel with more sync points added to maintain correctness�
In our new algorithm �shown in Table ��� variables are not assigned to particular proces�

sors� and they may be calculated in any order� Since all calculations use speculative data
in all terms� only the variables computed on the failed processor must be recomputed� Fur�
thermore� the variables that must be recalculated can be distributed among the remaining
processors in any order for quicker recovery� The Binder�Herzog algorithm does not allow
such �exibility� and thus would have a larger recovery time in any instance�
The most obvious advantage of the algorithm presented here over the Binder�Herzog

algorithm is that it is designed to use a varying number of processors� Thus� if �ve processors
are desired for hardware fault tolerance� for example� each processor can be utilized during
normal operation for greater speedup� The Binder�Herzog algorithm is designed for one
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processor per link� Therefore� processors added for fault tolerance beyond n are not used
until a failure occurs and� therefore� cannot contribute to the performance during normal
operation�

� Results

We have performed simulations of the new algorithm proposed in this paper for a number
of tasks� For each task� we simulated manipulator control with an inverse dynamics or
�computed torque� control algorithm using Newton�Euler dynamics in the controller� The
results have been compared to those �for the same tasks� using the dynamics algorithms of
Binder and Herzog and Yamakita et al�� and also with a serial version of the controller using
all current data�
In all cases� our results compared favorably with the other speculative data approaches�

In the case of slow tasks with low frequency dynamics� the serial controller with no old
data out�performed the speculative computation approaches� as expected� For tasks with
signi�cant high�frequency dynamics� the higher sample rate of the speculative computation
approaches provides an advantage over the serial method� The Binder�Herzog algorithm
�which uses less old data than the one proposed here� provided slightly better trajectory
tracking than our method� However� it also exhibited some instability in some cases �see
below��
Our approach is similar to the bu�ering method presented by Yamakita et al� Like our

algorithm� their method uses prior data for all variables in the equations to allow maximum
parallelism among the equations� However� due to the NE equations chosen for their algo�
rithm� some terms are older than others in their computations �i�e� the data comes from
two control loop iterations prior�� This disparity may be the cause of our di�ering results�
in their simulations� using prior data without correction terms produced diverging outputs!
the output of our algorithm� with no correction terms� converged�
Although the Binder�Herzog algorithm produces slightly more accurate results than our

NE�based algorithm at times� this method also exhibits instability under certain conditions�
Numerous simulations demonstrate that the controller can cause oscillation about the desired
trajectory for the robot joint accelerations� ultimately resulting in complete loss of control
of the manipulator� On the other hand� simulation of our algorithm under the same initial
conditions results in acceptable performance� Typical results are shown in Figures 	 and �
�
The vertical line at t � ��
� identi�es where the algorithms begin using prior data�

� Stability of Speculative Computation Methods

Simulations of our control algorithm have produced accurate results for a range of controller
sampling rates� However� our simulations of the Binder�Herzog algorithm reveal that it
does not always perform well for like ranges of sampling rates� The Binder�Herzog method
produces results similar to our method for high sampling rates� Yet� for lower sampling
rates� the Binder�Herzog algorithm yields oscillating and ultimately unstable output �note
again Figures 	 and �
��
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Initially� this performance di�erence seems counter�intuitive"it seems logical that an al�
gorithm using less data from prior iterations �and� thus� more current data�� such as the
Binder�Herzog algorithm� would be more accurate than a method �such as the one proposed
in this paper� using more �old� data when the sampling rates are the same� However� rec�
ognizing that the key di�erence between the two algorithms is the amount and placement
of prior data used� we are examining the stability e�ects of combining �current� data with
�obsolete� data in di�erent terms when computing the terms of the NE equations�
A similar phenomenon was described by Nigam and Lee in their presentation of a parallel

pipeline architecture ����� They note that manipulator oscillation can result if the sampling
period is less than the time required to calculate the joint torques� In an m�stage pipeline�
joint torques for times t�� through t�m� � are being calculated while the joint torque for
time t is being applied� Thus� these future torques cannot consider the correction torques�
and will then either overcompensate or undercompensate� In an e�ort to o�set the errors�
while still not having the proper correction terms� the controller will cause oscillation� In�
tuitively� it seems that this is the type of phenomenon that the Binder�Herzog method is
experiencing�
A closer analysis of the terms in the controller yields additional insight� Assuming that

in the time interval between consecutive iterations the joint positions remain constant �not
unreasonable for typical joint motions and sampling rates�� the map from the desired trajec�
tory and the tracking errors to the control torques is linear� Note that for old data methods�
the tracking error in the controller will be not only that for the present iteration� but also
from the previous time step�s�� The control mapping therefore has �potentially con�icting�
inputs from the tracking errors of more than one sample period� It is clear that in some
cases this situation can lead to instability� In fact� a closer inspection of the Binder�Herzog
algorithm under the above assumptions reveals a marginally stable system�
If this combination of input data incorporating tracking errors from di�erent iterations is

the cause of the instability observed in the Binder�Herzog algorithm� then it is reasonable
to assume that this is also the reason why the pure bu�ering method used by Yamakita
et al� produced diverging results in their implementations� Since there are only two terms
that mix data from di�erent time steps in the Yamakita et al� method� it seems intuitively
reasonable that the controller may be able to compensate for the errors better than in the
Binder�Herzog method�
The algorithm proposed in this paper did not exhibit the same instability as did the

Binder�Herzog algorithm� However� it is a speculative computation algorithm� and the
above concern applies� A closer analysis of our algorithm reveals that �under the same
assumptions as before� it is also marginally stable� but with much greater relative stability
than the Binder�Herzog method�
The above discussion reveals much about the nature of �old� data methods� or speculative

computation algorithms� From a computational speedup perspective� the methods o�er sig�
ni�cant promise for e�cient parallel computation of manipulator dynamics� However� this
is obtained at the cost of mixing old with current data in the controller� In the overwhelm�
ing majority of cases� this is not a problem� However� in a few cases �typically when the
task contains high�frequency dynamics� the Binder�Herzog method exhibits instability� The
method introduced in this paper remains stable for these cases� despite the fact that it uses
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a greater amount of old data�
Clearly� it is the way that the old data is introduced that is important� as a more in�

depth analysis revealed� Note that in general for reasonably fast sampling rates� none of the
speculative computation methods exhibited problems� However� it is clear that care must
be taken in general in applying methods using temporally mixed data� An in�depth stability
analysis needs to be performed to identify �safe� sampling rates which must be achieved for
stability�

� Conclusions

As technology advances� the tasks that are considered for robots become more demanding�
In order to perform such tasks� which will incorporate high frequency dynamics� more com�
putationally intensive control algorithms are proposed by researchers� The key bottleneck
in robot control has been the computation of manipulator dynamics� Thus� development of
e�cient parallel algorithms for robot control is a logical direction for improvement�
One approach to speeding up the computation of manipulator dynamics is to release the

serial bindings between the variables by using �old data�� calculated at previous timesteps in
the controller iterations� In this paper� we introduce a new algorithm for parallel computation
of manipulator dynamics using old data� using an approach termed speculative computation�
The algorithm is shown to be more e�cient than previous methods proposed in the literature�
and exhibits better convergence than other algorithms without the use of correction terms� In
addition� we identify and discuss a stability issue inherent in using �old data� approaches� The
algorithm presented in this paper is seen to be more stable than those presented previously�
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Forward Recursion
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Backward Recursion
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j rotation matrix translating from

frame j to frame i�
�i angular velocity of link i�
��i derivative of �i�
�i angular acceleration of link i�
ae�i linear acceleration of end of link i�
ac�i linear acceleration of center of link i�
g
i

acceleration due to gravity for link i�
Gj gravitational constant�
f
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force acting on link i�
� i torque acting on link i
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